In this focused review we survey recent progress in the development of resource theories of nonclassical light. We introduce the resource theoretical approach, in particular how it pertains to bosonic/light fields, and discuss several different formulations of resource theories of nonclassical light.
Introduction
In quantum optics, there is general agreement that the most classical states of light are the coherent states [1] [2] [3] [4] . In classical physics, a system can be completely described by a single point in phase space. In quantum mechanics, this is not possible due to the uncertainty principle [5, 6] . For this reason, the phase space description of quantum systems must necessarily be via some distribution, rather than a point, that strictly obeys the uncertainty principle. In this sense the coherent state, being a minimum uncertainty state with no preferred axial direction in phase space, is arguably the closest quantum mechanical equivalent to a classical single point description of a physical system. However, one has to bear in mind that coherent states still fundamentally represent a quantum mechanical system. For this reason, despite being the most classical among the quantum states, quantum mechanical properties may still be pried from it. This is demonstrated by their strict observance of the uncertainty principle, as well as by their continued usefulness in purely quantum protocols such as quantum key distribution [7] .
Nonclassical states, which are quantum states whose properties cannot be purely interpreted as directly deriving from the set of coherent states, are of considerable theoretical and practical interest. Fundamentally, because the set of classical states occupies only a small corner of the full Hilbert space, we are motivated to fully explore the set of physically allowable quantum states and to study their properties. Practically, there are many applications where nonclassical states can demonstrate genuine superiority over classical ones. These include applications in quantum information [8] , quantum metrology [4] , biology [9] and imaging [10] . It is also frequently the case that strongly nonclassical states are more useful in many protocols than weakly nonclassical ones. We are therefore interested in formulating methods that will enable us to first of all identify correctly when a light field can be considered nonclassical, as well as quantitatively describe the extent of nonclassicality present in quantum systems.
A recent trend in quantum information circles is to study different notions of nonclassicality via the so-called resource theoretical framework [11] . Such frameworks remove some of the ambiguity and arbitrariness in earlier studies of nonclassicality, by interpreting nonclassicality as resources to overcome the limitations of some set of quantum operation. Any quantifier of nonclassicality within this framework therefore has to be consistent with this view. This article seeks to provide some background to this approach, and to summarize the recent developments in this arena.
Preliminaries
As mentioned, the most classical states of light are typically considered to be the coherent states. One way to define the coherent states is as the eigenvectors |α of the annihiliation operator a such that
where α is any complex number. If one accepts that among pure states |α is classical, then classical statistical mixtures of such states should also be classical. This suggests that if the density operator of a general mixed can be expressed in the form
where d 2 αP cl (α) = 1 is some positive probability density function, then we can say that the quantum state ρ is classical. We see that for classical states, the quantum state is fully described by the distribution P cl .
It turns out that for general mixed states, a similar representation of the state is also possible. Due to the seminal work of Glauber [2] and Sudarshan [3] , one may show that every quantum state of light may be written in the form
where P(α) is called the Glauber-Sudarshan P-function. Observe the close similarity to the definition of a classical state ρ cl = d 2 αP cl (α) |α α|. For general quantum states, however, the function P(α) is a quasiprobability distribution instead of a proper, positive probability density function. This means that P(α) is always properly normalized such that d 2 α P(α) = 1, but may permit negative values. We see that when P(α) corresponds to a positive probability density function the state must be classical. Otherwise, we say that the state is nonclassical.
The Resource Theoretical Framework
A quantum resource theory [11] is a general framework for quantifying notions of nonclassicality. We stress that this approach is not limited to the study of nonclassicality in light fields. There are many different kinds of quantum resource theories that are currently being considered, such as the resource theories of entanglement [12] and coherence [13] . One benefit of studying different notions of nonclassicality under a unifying framework is that it also provides a method of considering the relationships between different quantum resources, rather than treating each different quantum resource as its own separate island.
While the underlying notion of nonclassicality may differ from resource theory to resource theory, the fundamental approach remains broadly the same. The idea is to cast different notions of quantumness as resources that are not freely available. If one has access of the full repertoire of quantum mechanical operations, such limitations are not possible. For this reason, a fundamental requirement of a resource theory is to first define a set of "free" quantum operations.
We now describe this in more precise terms. Let the set of classical states be C, which is a strict subset of the Hilbert space. Any state that belongs to the complement of the set C, i.e., does not belong to C, is nonclassical by definition. Associated with the set of classical states C, we will also define a set of operations O. O must be a strict subset of the set of all possible quantum operations, with the only requirement being that if Φ ∈ O and ρ ∈ C, then Φ(ρ) ∈ C. In other words, O must be some collection of quantum operations that are unable to produce nonclassical states from classical ones.
Given the set of classical states C and the set of free operations O, we are then in the position to formulate our resource theory. We shall say that a nonnegative measure N(ρ) is a nonclassicality measure under a particular resource theory if it satisfies the following basic properties:
(Convexity), i.e., N(∑ i p i ρ i ) ≤ ∑ i p i N(ρ i ) .
Property 1 simply requires that the measure N(ρ) returns positive values only when ρ is nonclassical. Property 3 imposes the condition that N(ρ) must be a convex function of state. This is a natural requirement to ensure that you cannot increase nonclassicality by statistically mixing any two quantum states ρ and σ and considering pρ + (1 − p)σ. It is intuitively clear that such statistical mixing processes are inherently classical procedures, and so cannot be expected to produce additional nonclassicality in any reasonable measure N.
Property 2 is perhaps the primary property that defines the resource theoretical approach. It imposes the requirement that any nonclassicality measure N(ρ) must always be a nonclassicality monotone with respect to the set of operations O. This means that the nonclassicality measure N(ρ) must always monotonically decrease under the quantum operation Φ, if Φ ∈ O. This property encapsulates the idea that one can neither freely produce nor increase nonclassicality if you are limited to performing only quantum operations that belong to the set O. Suppose N(ρ) is some physically relevant quantity that we are trying to maximize. There is clearly no way to do so by solely performing operations in O so the only way to increase N(ρ) is by replacing the input state ρ with another nonclassical state σ such that N(σ) > N(ρ). In this picture, sources of nonclassical quantum states may be interpreted as additional quantum resources that are required in order to overcome the limitations inherent to classical states C and operations O.
We stress that the above is only a framework and does not constitute a physical result on its own. Physics comes into the picture by studying specific physical scenarios and then studying the properties of physically meaningful measures N(ρ) under various conditions, so it is imperative that N(ρ) has physically meaningful interpretations in the first place. What this framework does is only to imbue the quantity N(ρ) with an additional resource interpretation, in the sense that we have described in the previous paragraph.
For the quantification of nonclassicality in light, the set of classical states is unambiguous: C must be the set of states with classical P-functions. The set of operations O therefore needs to be defined in order to formulate a resource theory of nonclassicality. The earliest known proposal to formulate a resource theory of nonclassicality for light is by Gehrke et al. [14, 15] . In this resource theory, the set of free quantum operations is abstract. Subsequently, resource theories based on more physically relevant sets of free operations were also considered. We will discuss these various approaches in the subsequent sections.
Resource Theory Based on Abstract Free Operations
An early proposal to formulate a resource theory of nonclassicality for light is by Gehrke et al. [14, 15] . In this proposal the set of free operations O is proposed to be the maximal set of quantum operations Φ that always maps a classical state to another classical state, i.e., Φ(ρ) ∈ C if Φ ∈ O for every ρ ∈ C. This is the largest possible set of quantum operations that one can define under the resource theoretical approach.
One example of a nonclassicality measure under this resource theory is the nonclassicality degree. The nonclassicality degree is a discrete measure of nonclassicality, similar to the Schmidt number [16, 17] in the resource theory of entanglement. The set of coherent states is well known to form an overcomplete basis. This means that any pure state can be written in terms of a superposition of coherent states. As a result, we can consider the minimum number of superpositions r such that
where {|α i } is some set of coherent states. The nonclassicality degree [14] is then defined as
Since the only classical pure states are the coherent states, for any nonclassical pure state we must have κ(|ψ ) ≥ 0.
For mixed states, we can extend the measure for pure states via a convex roof construction [18, 19] . This means that we consider all possible pure state decompositions
The nonclassicality degree of some density operator ρ can then be defined as the minimax quantity
This is basically the largest nonclassicality degree κ(|ψ i ), minimized over all possible pure state decompositions {p i , |ψ i }.
Another example of a nonclassicality measure under this resource theory is the nonclassicality distance. The nonclassicality distance is actually a family of geometric nonclassicality measures rather than a single measure. Suppose we have a distance measure d(ρ 1 , ρ 2 ) for any quantum states ρ 1 and ρ 2 . We can define the nonclassicality distance as
In particular, some distance measures are known to be contractive under arbitrary completely positive, trace preserving (CPTP) quantum maps Φ. This means that for every ρ 1 , ρ 2 and CPTP map Φ,
We are therefore guaranteed that δ(ρ) monotonically decreases under free operations. If the distance measure d is additionally convex with respect to its arguments, then Properties 1, 2, and 3 will always be satisfied. Examples of distance measures satisfying the required properties are the trace distance [20] and the Bures distance [21] . The trace distance is defined as
where F(ρ, σ) := Tr √ ρσ √ ρ is the Bures fidelity. One notable example of a distance measure that does not possess the required properties is the Hilbert-Schmidt distance, which is known to be not contractive under general CPTP maps [22] .
The primary issue with Gehrke et al.'s resource theory is how to interpret this abstract definition of the set of free operations O. While simple to define, there is no known simple characterization of O and it is unclear what kind of operations they represent physically in the laboratory. For the resource theoretical approach, this may not be always desirable, since one of the primary motivations behind this approach is to consider nonclassicality in terms of resource states that overcomes the limitations of the free operations O. From this perspective, there is no strong physical motivation in Gehrke et al.'s approach as to why one should be interested to utilize nonclassical resources to overcome such abstract definitions of O, beyond the fact that it is technically allowable under the resource theoretical framework.
Resource Theory Based on Linear Optical Operations
Recently, Tan et al. [23] , noting that nonlinear operations are required in order to produce nonclassical states, proposed a resource theory of nonclassicality based on the set of linear optical operations. This approach is valid since linear optical operations always map a classical state to another classical state. This resolves the main problem with Gehrke et al.'s resource theory by replacing an abstract definition of O with a physically relevant set of operations that can be performed in the laboratory, and which also permits a relatively simple characterization.
In simple terms, a linear optical operation is any quantum operation that is implementable using any combination of passive linear optical elements, displacement operations, plus interaction with classical ancillas. The most fundamental operation in a general linear optical operation is a unitary linear optical operation U L representing any combination of beam splitters, mirrors, and phase shifters, supplemented by displacement operations. A general linear optical unitary operation U L can be characterized rather simply. Let a † k be the creation operator of the kth mode, then U L represents any transformation of the type
where {µ k } are any set of complex values satisfying ∑ K k=1 |µ k | 2 = 1, I k are identity operators on the kth mode, and α k are complex numbers. More generally, a linear optical map is defined to be any map Φ L that can be represented by the expression
where σ E is some classical state. By defining O to be the set of linear optical maps, we can see that O is not only simple to define, it also has a clear physical interpretation. One example of a measure under this resource theory is the amount of coherent superposition between the coherent states [23] . By decomposing a state |ψ as a superposition of a carefully chosen set of coherent states |α i such that |ψ = ∑ i c i |α i , one can take a continuous coherence measure C from the resource theory of coherence and transform it to a nonclassicality measure N C (|ψ ) which quantifies the amount of coherent superposition among the set of coherent states |α i according to the coefficients c i . In Ref. [23] N C (|ψ ) is referred to as the α-coherence. One may show that the α-coherence satisfies the required Properties 1, 2 and 3 under the resource theory of Tan et al. so it is a valid nonclassicality quantifier. The measure N C may be interpreted as a continuous extension of the nonclassical degree Ref. [14] , which is a discrete measure that counts the minimum number of superpositions rather than the amount of superposition. The α-coherence therefore provides a neat interpretation of optical nonclassicality in terms of the resource theory of coherence [13] . In fact, it was also noted [23] that the nonclassicality of optical systems shares many points of similarities with quantum coherence. For instance, both nonclassicality [24] [25] [26] and coherence [27] [28] [29] [30] may be converted into entanglement using only free operations. The relationship between entanglement, coherence and nonclassicality may be an interesting point of investigation going forward.
Another measure that belongs to the resource theory by Tan et al. is called the metrological power. It is based on the quantum Fisher information, which quantifies the usefulness of a quantum probe for parameter estimation tasks. This measure was considered independently in both Ref. [31] and Ref. [32] with the former focusing on pure states, and the latter with a greater focus on general mixed states.
We now introduce the quantum Fisher information and discuss its relationship to parameter estimation. Suppose we have some unitary U θ := e −iθG , where θ is a real number representing some physical parameter, and G is some Hermitian operator called the generator. Under this unitary evolution, an initial state ρ will evolve according to ρ → ρ θ = U θ ρU † θ . The primary goal of parameter estimation is to estimate the value of θ by performing a measurement on ρ θ .
The relationship between parameter estimation and the Fisher information is supplied by the well known quantum Cramér-Rao bound [33] [34] [35] . This states that the uncertainty of any unbiased estimatorθ must obey the inequality
where n refers to the number of independent measurements, and I Q (ρ, G) is the quantum Fisher information given by
It is known that for single parameter estimation problems, there always exists a quantum measurement that saturates this bound, so long as a sufficient number of independent measurements n 1 is performed. The quantum Fisher information I Q (ρ, G) therefore sets fundamental limits on our ability to measure θ.
Consider now a system of N modes with creation and annihilation operators a † i and a i where i = 1, . . . , N. A N mode annihilation operator can be defined as a µ :
From this, we define the N mode field quadrature operator
X µ is the generator of the the unitary evolution
which performs an N mode displacement operation. Setting G = X µ , we can consider the Fisher information:
Generally speaking, the larger the Fisher information, the more useful it is for estimating the parameter θ in D(θ, µ), so we are interested to find the maximum Fisher information that we can extract from a quantum probe ρ over all possible quadrature directions given by µ, so we can consider for our figure of merit
where the second maximization ensures the non-negativity of the measure. In the first maximization, S is simply the set of all possible µ satisfying |µ| 2 = 1. M(ρ) is called the metrological power and can be shown to satisfy Properties 1, 2, and 3 under the resource theory of Tan et al. The interesting aspect of the metrological power is that it directly relates the nonclassicality of a state to the state's usefulness in a parameter estimation task. For pure states, the metrological power can identify every nonclassical state, thereby establishing that every nonclassical pure state is useful in this particular parameter estimation problem, and the usefulness of the state is directly related to the amount of nonclassicality. One limitation is that the metrological power does not identify every mixed quantum state, i.e., there may be some mixed, nonclassical states where the measure returns zero.
More recently, Ref. [36] considered the extension of negativity to cover the set of all s-parametrized quasiprobabilities P s (α). The s-parametrized quasiprobabilities where s ∈ [−1, 1] are a family of phase space distribution functions satisfying d 2 α P s (α) = 1 but may possess negativities. Setting s = 1 we get the Glauber-Sudarshan P-function, setting s = 0 we retrieve the Wigner function, and setting s = −1 we get the Husimi Q-function. One may show that the negativity of all such distributions
are nonclassicality measures belonging to the resource theory of Tan et al. [23] . In particular, as s decreases, N s (ρ) becomes increasingly weaker as a nonclassicality measure in the sense that the negativity decreases and fewer nonclassical states are identified by the measure. In Ref. [31] , Yadin et al. also considered a resource theory where O is expanded to include the set of linear optical operations, plus operations allowing for the feed forward of measurement outcomes. We note that, by definition, linear optical operations belong to this expanded set of operations. As such, any measure of nonclassicality under the resource theory of Yadin et al. [31] will monotonically decrease under linear optical operations and thus also belongs to the resource theory of Tan et al. [23] . Similar arguments can also be made for the resource theory of Gehrke et al. [14, 15] .
Convex Resource Theories of Non-Gaussianity
A Gaussian state is a special class of optical quantum states whose Wigner function is a Gaussian function [37] . According to this definition, every Gaussian state ρ G has a Wigner function that can be written in the form
wherer := ( x , p ) and V is the covariance matrix, which is given by
Quantum states such as coherent states, thermal states, and squeezed vacuum states are Gaussian. We observe that the coherent and thermal states are both classical states, while squeezed vacuum is an example of a nonclassical Gaussian state.
Based on the above definition of Gaussian states, we can also define the set of Gaussian operations. A Gaussian unitary U G is any combination of displacement operations, phase shifters, beam splitters and squeezing operations [38, 39] . More generally, Gaussian operations Φ G can be written in the form
We see that such maps always map a Gaussian state to another Gaussian state. Many Gaussian states can also be produced under laboratory settings [8] . As a result, the properties of Gaussian states are particularly well understood. At the same time, Gaussian states comprise only a small subset of the possible quantum states, and many quantum protocols are not possible if one stays strictly within the Gaussian regime [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] . This has motivated the study of non-Gaussian states as quantum resources, so there is considerable interest to quantify and characterize non-Gaussian effects.
In the strictest sense, every quantum state whose Wigner function is not a Gaussian distribution is non-Gaussian by definition. One may try to formulate non-Gaussianity measures based on this definition. Examples of such measures are the geometric based measures similar to the nonclassicality distance [50] [51] [52] [53] [54] [55] which quantifies the distance of a state ρ to the closest Gaussian state ρ G . However, employing this strict definition necessarily means that many non-Gaussian states are classical. An example of this is the mixed coherent state ρ = (|α 1 α 1 | + |α 2 α 2 |)/2, which is clearly classical but has two peaks and cannot be written in the form of Equation (4) . Such states can be created using only classical states and classical statistical processes, and should not lead to any genuine quantum effects.
In order to circumvent this, there are recent proposals to formulate a convex quantum resource theory of non-Gaussianity [56, 57] where genuine nonclassical effects are captured. In such proposals, the definition of non-Gaussianity is now stricter, and only includes any quantum state that is not within the convex hull of Gaussian states. Such states are said to display genuine non-Gaussianity, which means that non-Gaussianity that emerges from classical statistical mixing processes is now excluded. Such genuinely non-Gaussian states cannot be written in the form
where p i is a probability distribution and ρ i G is some Gaussian state. Since coherent states are Gaussian, every state with a classical P-function will lie within the convex hull of Gaussian states. As such, genuinely non-Gaussian resource states must also have nonclassical P-functions.
In such resource theories, the set of classical states C is therefore the set of states that can be written in the form ρ = ∑ i p i ρ i G . As for the set of free operations O, one possibility is to define it as any quantum operation Φ that is composed of the following elementary operations: a. Gaussian unitary operations U G . b. Composition with a free state ρ ⊗ σ, where σ = ∑ i p i σ i G , p i is some probability distribution, and σ i G is some Gaussian state. c. Partial trace of a subsystem.
In addition to the above elementary operations, the resource theories of Ref. [56] and Ref. [57] also considered Gaussian operations conditioned on measurement outcomes. In this respect, their definition of a free operation differs slightly in that the former considered projective measurements onto general Gaussian pure states |ψ G ψ G | while the latter considered homodyne measurements.
One example of a genuine non-Gaussianity measure is the negativity of the Wigner function [56, 57] . Given the Wigner function W(r) of some given state ρ, the logarithmic negativity of ρ is defined as L w (ρ) := log d 2 r|W(r)|. (3) that the family of negativity measures N s are all nonclassicality measures. Setting s = 0, N 0 is nothing more than the negativity of the Wigner function, so we have log[2N 0 (ρ) + 1] = L w (ρ). We therefore see that the negativity of the Wigner function is both a measure of genuine non-Gaussianity and nonclassicality.
Recall from Equation
In fact, every convex measure of genuine non-Gaussianity must necessarily be a nonclassicality measure. This is because coherent states are Gaussian states, and every linear optical unitary operation is also a Gaussian preserving unitary operation. From Properties a, b and c, we see that any linear optical operation of the type in Equation (1) must also be a free operation in the convex resource theory of non-Gaussianity. This implies that measures of genuine non-Gaussianity must also be linear optical monotones in the resource theory of Tan et al. [23] .
We note that in such convex resource theories of non-Gaussianity, the convex hull of Gaussian states C necessarily contains many states that have nonclassical P-functions, with the most prominent being the squeezed coherent states. Any genuine non-Gaussianity measure will therefore exclude such states. Furthermore, since the squeezing operation is a Gaussian operation, it makes no attempt to capture any increase in nonclassicality due to squeezing. This is a feature that stems from the definition of the resource theory. As such, the starting point of the resource theory of non-Gaussianity is necessarily qualitatively different from resource theory of nonclassicality discussed in the preceding sections. For this reason, it is perhaps more appropriate to consider the concept of genuine non-Gaussianity as something that overlaps significantly with the notion of nonclassicality, rather than an independent approach of quantifying nonclassicality in light.
Conclusions
In this article we summarized recent trends in the characterization and quantification of nonclassical states of light. Along these lines, there has been considerable interest in developing a resource theory of nonclassicality for quantum light. Several prominent proposals are discussed. First, there is the resource theory of Gehrke et al. [14, 15] , which is based on an abstract definition of the set of free operations O. We then discuss the resource theories of Tan et al. [23] and Yadin et al. [31] , which are based on linear optical operations. Finally, we discuss proposals by Albarelli et al. [56] , and Takagi and Zhuang [57] to develop convex resource theories of non-Gaussianity. Non-Gaussianity approaches are not technically resource theories of nonclassicality as the set of free states are not the set of states with classical P-functions, but there exists significant overlap.
It is interesting to note that all the measures discussed across these various schemes naturally fall under the resource theory of Tan et al. [23] . This is because the free operations under this resource theory, the set of linear optical operations, is the simplest among the resource theories that are discussed thus far.
Most of the nonclassicality measures that belong to these resource theories have geometric or other fundamental interpretations, with the exception of the metrological power [32] , M(ρ), which has an interpretation in terms of the operational usefulness of the state. This measure is sufficient to identify every nonclassical pure state as useful for a parameter estimation task, but does not identify every nonclassical mixed state in general. It is an open problem whether there is some parameter estimation problem that can identify every nonclassical state as useful. More generally, a promising future direction is to find nonclassicality measures that directly quantify the state's usefulness in some meaningful operational task.
